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Conformal Symmetries of Locally Rotationally Symmetric Spacetimes
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In this paper we investigate conformal symmetries in Locally Rotationally Symmetric (LRS)
spacetimes using a semitetrad covariant formalism. We demonstrate that a general LRS spacetime
which rotates and spatially twists simultaneously has an inherent homothetic symmetry in the
plane spanned by the fluid flow lines and the preferred spatial direction. We discuss the nature and
consequence of this homothetic symmetry showing that a null Killing horizon arises when the heat
flux has an extremal value. We also consider the special case of a perfect fluid and the restriction
on the conformal geometry.
PACS numbers: 04.20.-q, 04.40.Dg
I. INTRODUCTION
Locally rotationally symmetric spacetimes (LRS)
are studied extensively in the literature because they
contain metrics of physical interest [1–6]. In particular,
the spherically symmetric spacetimes are contained
in this class. The LRS spacetimes have a preferred
spatial direction at every point; a continuous isotropy
group exists at each point which generates a multiply-
transitive isometry group on the spacetime manifold.
Consequently the semitetrad formalism, with a 1+1+2
decomposition, with covariantly defined scalar variables
is an especially appropriate mathematical structure
for describing the geometry and dynamics. Using the
decomposition, Singh et al [7] found a new class of LRS
spacetimes with nonvanishing rotation and spatial twist;
this class has nonzero heat flux and is characterized
with self-similarity. The most general rotating and
twisting LRS spacetimes was found by Singh et al [8]
which allows for a detailed analysis for gravitational
collapse. Explicit forms of the LRS spacetime metrics
and self-similar vectors were identified by Van den Bergh
[9].
A conformal Klling vector has the property of pre-
serving the spacetime metric up to a conformal factor.
Conformal symmetries generate constants of the motion
along null geodesics. General relativistic anisotropic
fluids have been widely investigated in general relativity
by Maartens et al [10], Mason and Maartens [11] and
Coley and Tupper [12] in the presence of a conformal
symmetry. Conformal symmetries in static spherical
spacetimes [13–17], shear-free spherical spacetimes [18],
and general spherical spacetimes [19] have been found
and analysed. Spherically symmetric spacetimes are
contained in the general LRS class and naturally the
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question of existence of conformal symmetries arises for
this more general case. Particular studies have been
undertaken in individual LRS Bianchi spacetimes, e.g.
see the treatment of Khan et al [20]. As far as we are
aware, a general treatment of the conformal geometry in
the broader LRS class has not been undertaken. Such
an investigation in LRS spacetimesm using the 1+1+2
semitetrad formalism is likely to provide new insights
into the spacetime geometry, the kinematics and the
dynamics. This is the objective of our study.
The outline of the paper is summarized. In section 2
we discuss LRS spacetimes and outline the semitetrad
formalism. The evolution, propagation and constraint
equations are listed explicitly. We investigate the exis-
tence of a conformal symmetry in section 3. An explicit
form of the conformal factor is found. This enables us
to determine the nature of the conformal symmetry with
rotation and spatial twist. The special case of perfect
fluid spacetimes is considered in section 4 . The form
of the conformal vector is constrained for a perfect fluid.
Concluding remarks are made in section 5.
II. LOCALLY ROTATIONALLY SYMMETRIC
SPACETIMES IN SEMITETRAD FORMALISM
As discussed in the Introduction, Locally Rotationally
Symmetric (LRS) spacetimes have a preferred spatial di-
rection at every point in space. As described in detail
in [5], if a spacetime exhibit local rotational symmetry in
an open neighbourhood of a point P , then the coordinate
freedoms can be used to describe the local metric in the
neighbourhood in (t, r, x, y) coordinates in the following
way:
ds2 = −F 2(t, r)dt2 +X2(t, r)dr2
+Y 2(t, r)[dx2 +D(x)dy2]
+g(x)F 2(t, r)[2dt − g(x)dy]dy
−h(x)X2(t, r)[2dr − h(x)dy]dy (1)
2Hence the 1+1+2 semitetrad formalism [1–4] is very well
suited to describe these spacetimes. In this formalism we
decompose the spacetime covariantly in the following way
gab = −uaub + hab = −uaub + eaeb +Nab . (2)
Here ua is the unit timelike vector along the matter flow
lines with uaua = −1 and e
a is a spatial vector along the
preferred direction with eaea = 1, u
aea = 0. The vector
ua defines the covariant time derivative along the flow
lines (denoted by a dot) for any tensor Sa..bc..d and is
given by
S˙a..bc..d = u
e∇eS
a..b
c..d . (3)
The tensor hab defines the fully orthogonally projected
covariant derivative D for any tensor Sa..bc..d:
DeS
a..b
c..d = h
a
fh
p
c...h
b
gh
q
dh
r
e∇rS
f..g
p..q , (4)
with total projection on all free indices. Therefore, the
covariant derivative of ua is decomposed as
∇aub = −uaAb +
1
3
Θhab + σab + ǫabcω
c, (5)
where Ab = u˙b is the acceleration, Θ = Dau
a is the
expansion of ua, σab =
(
hc(ah
d
b) −
1
3habh
cd
)
Dcud is the
shear tensor (i.e. the rate of distortion) and ωc is the
vorticity vector (i.e. the rotation). The Weyl tensor is
split relative to ua into the electric and magnetic Weyl
curvature parts as
Eab = Cabcdu
bud = E〈ab〉 , (6)
and
Hab =
1
2ǫadeC
de
bcu
c = H〈ab〉 . (7)
Similarly, the energy momentum tensor of matter is de-
composed as
Tab = µuaub + qaub + qbua + phab + πab , (8)
where µ = Tabu
aub is the energy density, qa = q〈a〉 =
−hcaTcdu
d is the 3-vector defining the heat flux, p =
(1/3)habTab is the isotropic pressure, and πab = π〈ab〉 is
the anisotropic stress.
Further to this we can do a subsequent decomposi-
tion of the kinematical and dynamical quantities using
the vector ea. This spacelike vector introduces two new
derivatives, which for any tensor ψa...b
c...d:
ψˆa..b
c..d ≡ efDfψa..b
c..d , (9)
δfψa..b
c..d ≡ Na
p...Nb
gNh
c..Ni
dNf
jDjψp..g
i..j . (10)
The hat-derivative (9) is along the ea vector field in the
surfaces orthogonal to ua and the δ-derivative (??) is
projected onto the 2-space perpendicular to both ua and
ea, which would be referred as “sheet”. This projection
is orthogonal to ua and ea on every free index. The 4-
acceleration, vorticity and shear split as
u˙a = Aea +Aa, (11)
ωa = Ωea +Ωa, (12)
σab = Σ
(
eaeb −
1
2Nab
)
+ 2Σ(aeb) +Σab, (13)
and for the electric and magnetic Weyl tensors we have
Eab = E
(
eaeb −
1
2Nab
)
+ 2E(aeb) + Eab, (14)
Hab = H
(
eaeb −
1
2Nab
)
+ 2H(aeb) +Hab. (15)
The fluid variables qa and πab are split as follows
qa = Qea +Qa, (16)
πab = Π
(
eaeb −
1
2Nab
)
+ 2Π(aeb) +Πab. (17)
The covariant derivative of ea is decomposed in the direc-
tions orthogonal to ua into it’s irreducible parts, which
gives
Daeb = eaab +
1
2
φNab + ξǫab + ζab . (18)
Here, ǫab = ǫ[ab] is the volume element on the sheet, φ is
the spatial expansion of the sheet, ζab the spatial shear,
i.e., the distortion of the sheet, aa its spatial accelera-
tion , i.e., deviation from a geodesic, and ξ is its spatial
vorticity, i.e., the “twisting” or rotation of the sheet.
A. Description of LRS spacetimes
Because of the symmetries of LRS spacetimes, all the
sheet vectors and tensors vanish identically:
Aa = Ωa = Σa = Ea = Ha = Q
a = Πa = aa = 0,(19)
Σab = Eab = Hab = Πab = ζab = 0.(20)
Therefore the remaining variables are
D1 : = {A,Θ,Ω,Σ, E ,H, µ, p,Q,Π, φ, ξ} (21)
= Dmatter +Dgeometry , (22)
where
Dmatter := {µ, p,Q,Π} , (23)
are the matter variables that specify the energy momen-
tum tensor of the matter, and
Dgeometry := {A,Θ,Ω,Σ, E ,H, φ, ξ}, (24)
are the geometrical variables. By decomposing the
Ricci identities for ua and ea and the doubly contracted
Bianchi identities, we get the field equations. They have
the form
3Evolution:
φ˙ =
(
2
3Θ− Σ
) (
A− 12φ
)
+ 2ξΩ+Q , (25)
ξ˙ =
(
1
2Σ−
1
3Θ
)
ξ +
(
A− 12φ
)
Ω
+ 12H, (26)
Ω˙ = Aξ +Ω
(
Σ− 23Θ
)
, (27)
H˙ = −3ξE +
(
3
2Σ−Θ
)
H+ΩQ
+ 32 ξΠ, (28)
Propagation:
φˆ = − 12φ
2 +
(
1
3Θ+Σ
) (
2
3Θ− Σ
)
+2ξ2 − 23 (µ+ Λ)− E −
1
2Π, (29)
ξˆ = −φξ +
(
1
3Θ+Σ
)
Ω, (30)
Σˆ− 23 Θˆ = −
3
2φΣ− 2ξΩ−Q , (31)
Ωˆ = (A− φ) Ω, (32)
Eˆ − 13 µˆ+
1
2 Πˆ = −
3
2φ
(
E + 12Π
)
+ 3ΩH
+
(
1
2Σ−
1
3Θ
)
Q, (33)
Hˆ = −
(
3E + µ+ p− 12Π
)
Ω
− 32φH−Qξ, (34)
Propagation/evolution:
Aˆ − Θ˙ = − (A+ φ)A+ 13Θ
2 + 32Σ
2
−2Ω2 + 12 (µ+ 3p− 2Λ) , (35)
µ˙+ Qˆ = −Θ(µ+ p)− (φ+ 2A)Q
− 32ΣΠ, (36)
Q˙+ pˆ+ Πˆ = −
(
3
2φ+A
)
Π−
(
4
3Θ+Σ
)
Q
− (µ+ p)A , (37)
Σ˙− 23Aˆ =
1
3 (2A− φ)A−
(
2
3Θ+
1
2Σ
)
Σ
− 23Ω
2 − E + 12Π , (38)
E˙ + 12 Π˙ +
1
3 Qˆ = +
(
3
2Σ−Θ
)
E − 12 (µ+ p)Σ
− 12
(
1
3Θ+
1
2Σ
)
Π+ 3ξH
+ 13
(
1
2φ− 2A
)
Q, (39)
Constraint:
H = 3ξΣ− (2A− φ) Ω. (40)
B. Classification of LRS spacetimes
An interesting property of LRS spacetimes is that all
scalars Ψ obey the following consistency relation:
∀Ψ, Ψ˙Ω = Ψˆξ, (41)
The above can be proven as follows. We know for LRS
spacetimes that
∇aub = −Auaeb + (
1
3Θ+Σ)eaeb + (
1
3Θ−
1
2Σ)Nab
+Ωǫab, (42)
∇aeb = −Auaub + (
1
3Θ+Σ)eaub +
1
2φNab
+ξǫab, (43)
This immediately gives
Ω = 12 ǫ
ab∇aub, ξ =
1
2ǫ
ab∇aeb. (44)
Now for any scalar Ψ in LRS spacetimes (where by the
symmetry all derivatives on the sheet vanish) we have
∇bΨ = −Ψ˙ub + Ψˆeb. (45)
Differentiating once more we get
∇a∇bΨ = −(∇aΨ˙)ub − Ψ˙(∇aub) + (∇aΨˆ)eb
+Ψˆ(∇aeb). (46)
Contracting the above with ǫab the LHS becomes zero,
as ∇a∇bΨ is symmetric in a, b. Using equations (44) the
RHS becomes −Ψ˙(2Ω) + Ψˆ(2ξ), which proves equation
(41). Now using this equation we can immediately de-
rive the consistency conditions for a perfect fluid form of
matter with Q = Π = 0. As described in [6], the prop-
agation equations evolve consistently in time if and only
if
Ωξ = 0. (47)
The above relation then naturally divides perfect fluid
LRS spacetimes into three distinct subclasses [5, 6]:
1. LRS class I: (Ω 6= 0, ξ = 0) These are stationary
inhomogeneous rotating solutions.
2. LRS class II: (ξ = 0 = Ω) These are inhomoge-
neous orthogonal family of solutions that can be
both static or dynamic. Spherically symmetric so-
lutions are contained in this class.
3. LRS class III (ξ 6= 0,Ω = 0):These are homoge-
neous orthogonal models with a spatial twist.
In a couple of recent papers [7, 8] we established the exis-
tence, and found the necessary and sufficient conditions,
for the general class of solutions of Locally Rotationally
Symmetric spacetimes that have nonvanishing rotation
and spatial twist simultaneously: that is for this class of
spacetimes we have by definition
Ωξ 6= 0. (48)
The necessary condition for a LRS spacetime to have
nonzero rotation and spatial twist simultaneously is the
presence of nonzero heat flux Q which is bounded from
4both sides. Also the equation (41) generates further con-
straints and hence the total set of constraint equations
are now C ≡ {C1, C2, C3, C4}, where
C1 := H = 3ξΣ−
(
2A+
Ω
ξ
(
Σ− 23Θ
))
Ω , (49)
C2 := φ = −
Ω
ξ
(
Σ− 23Θ
)
, (50)
C3 := Q = −
Ω
ξ
1+
(
Ω
ξ
)2 (µ+ p+Π) , (51)
C4 := E =
Ω
ξ
A
(
Σ−
2
3
Θ
)
− Σ2 +
1
3
ΘΣ+
2
9
Θ2
+2
(
ξ2 − Ω2
)
+
(
Ω
ξ
)2
1+
(
Ω
ξ
)2 (µ+ p+Π)
−
1
2
Π−
2
3
µ . (52)
In the next section we will investigate in detail the nature
of conformal symmetries in this general spacetime.
III. CONFORMAL SYMMETRIES IN LRS
SPACETIMES
In this section we a priori assume that the spacetime
has in general nonzero rotation and spatial twist, that is
the matter field is in general imperfect. We now look for
the existence of a conformal Killing vector X (with com-
ponents Xa), which by definition satisfies the following
condition
LXgab = 2ψgab, (53)
where ψ is any scalar function. This in turn implies
∇bXa +∇aXb = 2ψgab. (54)
In accordance with the symmetries of LRS spacetimes,
where all the vectors and tensors projected to the 2-sheets
vanish, let us look for a non-trivial conformal killing vec-
tor X, in the [u, e] plane in the following form
Xa = αua + βea , (55)
where α and β are scalar functions of the local coordi-
nates of the [u, e] plane. With this choice of vector X,
(54) becomes
2ψgab = (∇bα)ua + α(∇bua) + (∇bβ)ea + β(∇bea)
+(∇aα)ub + α(∇aub) + (∇aβ)eb + β(∇aeb).(56)
Now using equations (42) and (43), and contracting with
uaub, eaeb, u(aeb) and Nab, we get the following equa-
tions:
α˙+ βA = ψ, (57)
α(13Θ+Σ) + βˆ = ψ, (58)
−αˆ+ αA+ β˙ − β(13Θ+Σ) = 0, (59)
2α(13Θ−
1
2Σ) + βφ = 2ψ. (60)
Solving these equations for the scalars α, β and ψ, would
give the required conformal Killing vector X. We note
here that if we only consider the above equations, then
there are four equations for three unknowns, and hence
the system is overdetermined. Therefore we cannot say
anything about the existence of the solutions. However,
owing to the symmetries of LRS spacetimes we have the
property (41), which further gives
αˆ = α˙
Ω
ξ
and β˙ = βˆ
ξ
Ω
. (61)
Substituting these equations into (59) gives
− α˙
Ω
ξ
+ βˆ
ξ
Ω
+ αA− β(13Θ+Σ) = 0. (62)
From (57) we have α˙ = ψ − βA and from (58) we have
βˆ = ψ − α(13Θ + Σ). Substituting these equations into
equation (62), and solving for ψ yields
ψ =
αξ2(13Θ+Σ)− βAΩ
2 − αAξΩ + βξΩ(13Θ+Σ)
ξ2 − Ω2
,
(63)
whereas from equation (60) we have
ψ = β
[(
−
1
2
α
β
)(
Σ−
2
3
Θ
)
+
1
2
φ
]
. (64)
Thus, we see that the equation (41) reduces the system
of conformal Killing differential equations to a system of
two algebraic equations, (63) and (64), with three un-
knowns. This is an underdetermined system and a solu-
tion is guaranteed. Equating (63) and (64), and solving
for α/β, we get
α
β
=
1
2φ(ξ
2 − Ω2) +AΩ2 − ξΩ(13Θ+Σ)
3
2Σξ
2 −AξΩ + Ω2(13Θ−
1
2Σ)
, (65)
which is a consistency condition. This completes the
proof for the existence of a conformal Killing vector in
the [u, e] plane for a general LRS spacetimes with Ωξ 6= 0.
We now substitute the above in the constraint (60), to
get
ψ =
(3ΩΣ− 2ΩΘ+ 3φ ξ)β (3AΩ− 3Σ ξ −Θ ξ)
3(6AΩ ξ + 3Ω2Σ− 2Ω2Θ− 9Σ ξ2)
.
(66)
Since the system is underdetermined, we always have the
freedom to choose β, keeping α/β fixed. This freedom
shows the arbitrariness of the magnitude of the vector X,
with a fixed direction. Now choosing
β = K
3(6AΩ ξ + 3Ω2Σ− 2Ω2Θ− 9Σ ξ2)
(3ΩΣ− 2ΩΘ+ 3φ ξ) (3AΩ− 3Σ ξ −Θ ξ)
,
(67)
where K = const., we get ψ = K. In other words, we
have the freedom to choose the magnitude of the con-
formal Killing vector in such a way that it becomes a
homothetic Killing vector. This completes the proof for
the theorem stated below:
5Theorem 1. For a locally rotationally symmetric space-
time with simultaneous rotation and spatial twist, a ho-
mothetic Killing vector exists in the plane spanned by the
fluid flow lines and the preferred spatial direction. Hence
these spacetimes are self similar.
The above theorem ensures that the field equations for
these spacetimes can be written in terms of the variable
z = τ/ρ, where τ and ρ are the curve parameters of the
integral curves of u and e respectively.
A. Nature of the homothetic Killing vector
From equation (55) we have Xa = αua+βea, therefore
if XaXa < 0, the homothetic vector is timelike and if
XaXa > 0 it is spacelike. Now calculating (
α2
β2
− 1) we
get the homothetic Killing vector is timelike (spacelike)
iff
−
[
(A− 12φ−
1
2 (Σ−
2
3Θ))Ω−
1
2ξ(φ + 3Σ)
]
(ξ − Ω)
(Ω− ξ)
[
(A− 12φ+
1
2 (Σ−
2
3Θ))Ω +
1
2ξ(φ− 3Σ)
]
< (>)0. (68)
Hence the condition for the homothetic Killing vector
being null, generating a Killing horizon, is given by
Ω
ξ
= ±1, (69)
or
Ω
ξ
=
φ± 3Σ
[−(Σ− 23Θ)± (2A− φ)]
. (70)
Note that a null hypersurface is a Killing horizon if the
norm of the Killing vector field vanishes.
B. Killing horizon
We now discuss the case of a non-trivial null Killing
horizon in the [u, e] plane. Comparing equations (63)
and (50), we can easily see that if α = −2Ω, β = 2ξ, then
ψ = 0. In other words, if a homothetic vector exists with
α
β
= −
Ω
ξ
, (71)
then this vector will be a Killing horizon. To check the
existence, we substitute the above equation in (65), and
get the following constraint
Ω2
ξ2
= 1 ⇒
Ω
ξ
= ±1, (72)
which implies, by equation (69), that the Killing vector
is null. Also from (51), we see that
Ω
ξ
=
− (µ+ p+Π)∓
√
(µ+ p+Π)
2
− 4Q2
2Q
. (73)
In other words, the situation described by (72) can only
happen when the heat flux attains the extremal values
Q = ±
1
2
(µ+ p+Π) . (74)
Hence we can now state the following theorem:
Theorem 2. For a locally rotationally symmetric space-
time with simultaneous rotation and spatial twist, when-
ever the magnitude of the rotation equals the magni-
tude of spatial twist, the homothetic vector in the plane
spanned by the fluid flow lines and the preferred spatial
direction, becomes null, creating a Killing horizon. This
happens when the bounded and nonzero heat flux attains
extremal values.
IV. SPECIAL CASES OF PERFECT FLUID
SPACETIMES
In this section we discuss special cases, when matter
is in the form of a perfect fluid. As we have already
indicated for this case Ωξ = 0. We now describe the
general properties of the conformal Killing vector for all
three subclasses of perfect fluid LRS spacetimes.
1. LRS I: In this case we have Ω 6= 0 and ξ = 0.
Therefore from the equation (41), we see that for all
scalars Ψ, we have Ψ˙ = 0. Since the dot derivative
of all scalars vanish, we must have Θ = Σ = 0.
Now from equation (65), we get
α
β
=
− 12φ+A
1
3Θ−
1
2Σ
→∞. (75)
Also from the equation (64) we get
ψ = 0. (76)
Therefore, we see that in this case the homothetic
vector becomes a timelike Killing vector. Hence the
spacetime is stationary.
2. LRS III: In this case we have ξ 6= 0, Ω = 0. Again
from equation (41), we see that for all scalars Ψ, we
have Ψˆ = 0. Since the hat derivative of all scalars
vanish, we must have φ = 0. From equation (65),
we get
α
β
=
1
3
φ
Σ
→ 0. (77)
and
ψ = 0. (78)
Hence in this case the homothetic vector becomes
a spacelike Killing vector. Consequently the space-
time is spatially homogeneous.
63. LRS II: This is the subclass where both Ω = 0
and ξ = 0. Spherically symmetric spacetimes are
contained in this subclass. We can easily see that
this subclass is a singular point in our analysis, and
the homothetic vector is no longer well defined.
This is due to the fact that LRS II spacetimes do
not contain any inherent Killing symmetries in the
[u, e] plane. Killing symmetries have to be imposed
separately to find static, homogeneous, self similar
or conformally symmetric classes of solutions.
V. CONCLUSION
In this paper we have performed a detailed study of
conformal symmetries in LRS spacetimes utilizing the
semitetrad formalism. We proved that locally rotation-
ally symmetric (LRS) spacetimes with simultaneous rota-
tion and spatial twist, are always self similar as they have
a homothetic Killing vector in the plane spanned by the
fluid flow lines and the preferred spatial direction. This
homothetic Killing vector becomes a null Killing hori-
zon in the special case when the nonzero and bounded
heat flux reaches an extremal value. Also when either
the rotation or the spatial twist vanish, this homothetic
vector becomes a timelike or spacelike Killing vector mak-
ing the spacetime either stationary or spatially homoge-
neous. However when both these quantity vanish there is
no inherent Killing or conformal symmetry in the plane
spanned by the fluid flow lines and the preferred spatial
direction.
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